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We investigate nontrivial (m,n,k, A)-relative difference sets fixed by the inverse. Examples and
necessary conditions on the existence of relative difference sets of this type are studied.

1. Introduction

Let G be a finite group of order mn with a subgroup N of order n. A k-
element subset D of G is called an (m,n,k,\)-relative diﬂ'erence set (or, in short,
an (m,n,k,A\)-RDS) in G relative to N if the expressions d1d2 , for di and dg in
D with d1 7’: dsy, represent each element in G\ N exactly A times and represent no
nonidentity element in N. The concept of relative difference sets was introduced by
Butson [3], [4] and Elliott and Butson [6] as a generalization of difference sets. (For
detailed descriptions of difference sets, please consult (2], [8].)

For a subset S of G, we define S = {gt|g € S}. In this paper, we are going to
Stl(ldy) a particular type of relative difference sets which are fixed by the inverse, i.e.
p-=p.

In the following, we assume that G is an abelian group of order mn and N is a
subgroup in G of order n such that m >1 and n> 1. For any subset S of G, S is
called reversible if S(-1)=39; and § is called nontrivial if |S|#0,1,7~ - 1 and mn.

Firstly, let us summarize the known results on reversible relativ - «'. rence sets
(see [1, Section 6]).

Proposition 1.1. Let D be a nontrivial reversible (m,n,k, A)-RDS in G relative to N.
Then
(i) m=k=An is a square and X is even;
(ii) |DNgN|=1 for all geG;
(iii) D®) =D for all t relatively prime to the order of G;
(iv) if H is a proper subgroup in N of order s and ¢: G — G /N is a natural
epimorphism, then ¢D is a nontrivial reversible (An,n/s,An,As)-RDS in
G/H relative to N/H.
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By Proposition 1.1(ii), we learn that |DNN|=1, say, DNN ={h} for some he N.
Since D(-1) = D, we have h2 =1. Hence D' = hD is a reversible relative difference
set with D' N ={1}. Let Ey=N\ {1}, Eo=D'\{1} and E3=G\(NUD"). Tt is
easy to verify that {1, E1,Eo, E3} spans a Schur ring over G and hence can be used
to construct an association scheme of class 3 (see [10]). This is one of the reasons
why we are interested in reversible relative difference sets.

In Section 2, we shall see some examples of reversible relative difference sets. In
Section 3, we shall show that there are some severe restrictions on the existence of
nontrivial reversible relative difference sets. In particular, N must be a direct factor
of G and n, the order of NV, is a power of 2. Furthermore, if n =2, every nontrivial
reversible relative difference set is constructed by using a (4u?,2u® + u,u? + u)-

difference set where m=4u?. Finally, in Section 4, some open problems are posed.

2. Examples

There are two known families of reversible relative difference sets.

Example 2.1. (Arasu, Jungnickel and Pott [1, Corollary 2.11]) If there exists a
reversible (4u2,2u2 +u,u? +u)-difference set C in a group K. Then

D=({0} xO)U({1} x (G\ O))

is a reversible (4u?,2,4u?,2u?)-RDS in G=Zy x K relative to Zy x {1}.

With the constructions of reversible (4u2,2u? 4 u,u? + u?)-difference sets given
by Menon [12], Turyn [14], Dillen [5] and Leung and Ma [9], we have a large family
of reversible (4u2,2,4u2,2u2)-RDS for u=2°3" where s, t are nonnegative integers.

For the second example, we need a finite local ring. Let R be a finite local ring

of characteristic 2 with its maximal ideal I generated by a prime element 7. Suppose
R/I=T,q, a finite field of 24 elements, and s is the smallest positive integer such
that I°=(n%)=(0).
Example 2.2. (Leung and Ma [9, Corollary 4.2]) Let {A;,Aa,...,Ag:} be a partition
of R such that, for any coset a+I*"1in Rand i=1,2,...,2¢, we have lAzﬂoH-Is”l‘ =
29~t where t is a positive integer less than or equal to d. Define ¢: R — R be a
mapping such that o(n"u) =n"u"1 for any r=0,1,...,5—1 and unit u in R. Let
H={g1,99,---,99t} be an elementary 2-group with 2t elements. Then

2t
D= |J{gi} x {(a,b) e Rx R| p(a)b € A;})

i=1

is a reversible (225¢, 9t 22sd 92sd—t) RS in H x R x R relative to H x {0} x {0}.*
Example 2.2 gives us a family of reversible relative difference sets with n=2? for
all £.

* TFor the case s=1, we have to modify the construct‘on: Use R%de, replace I 5-1 by R and
define <,p(a,)=a_1 for all unit ¢ and ¢{0)=0.
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3. Necessary Conditions

In this section, we study the necessary conditions of the existence of relative
- difference sets. The readers are reminded that G is an abelian group of order mn(=
Mn?) and N is a subgroup in G of order n where n>1.
Firstly, let us investigate the relation between G and N.

Theorem 3.1. If a nontrivial reversible relative difference set exists in G relative to
N, then N is a direct factor of G.

Proof. Let p be any prime divisor of |N| and P be the Sylow p-subgroup of G. It
suffices to show that PN N s a direct factor of P. By Proposition 1.1(iv), we can
assume that PNN =N. Now, we are going to show that N is a pure subgroup of P
and hence, by [7, Theorem 13.41], N is a direct factor of P.

Suppose ¢ is any element in P with gpa € N for an integer . Let ghe DNgN
where h € N. Recall that D) = D for all ¢ relatively prime to |G|. Let |G| =p°u
where p*=|P| and pfu. For t=p®+1 (mod p®) and t=1 (mod u), D® =D implies
g?"t1pp"t1e DngN. By Proposition 1.1(ii), we have gh=gP"+1AP*+1. This implies
gpa =h~P". Hence N is a pure subgroup of P. ]

In the following, we shall make use of the group ring R[G] where £ =Z or C.
For any subset S of G, we define S= Y geR[G]. For y= ) ag9€ R[G], we define
geG geG
y(t) = 3 aggt where ¢ is any integer. Also, for a group homomorphism ¢:G — H,
9€G

we extend o to a ring homomorphism from R[G] to R[H] such that o ( > agg> =
geG
Y. agog.
geG
Using the language of the group ring, if D is a reversible (An,n,An,)\)-RDS in
G relative to N, then

(3.1) D’ =)\G - AN + .

Theorem 3.2. Suppose there exists a nontrivial reversible (An,n,An,A)-RDS in G
relative to N and p is a prime divisor of the order of G. Since An is a square, we can
write n=p"ny and A=p**~" g where p{Ag and ping. Then
(1) p*==1 (mod ng);
(ii) if Gy is the subgroup in G of order /\Ong and Ny is the subgroup in N of order
ng, then there exists a reversible (Agng,ng, Aong, Ag)-RDS in Gq relative to
Np.
To prove Theorem 3.2, we need two lemmas.

Lemma 3.3. The Fourier Inversion Formula. (see [13, Section 6.2]) Let y= Y aqg€
geG
C[G] and G* be the group of characters of G. Then

1 _
ag =1 D XUX
ol 2z,
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Lemma 3.4. Let a,b,c,r be nonnegative integers with a=br+c and 0 <e<r-—1.

T T
Then the minimum value of 3, Xl?, subject to the constraints that 3 X;=a and
=1 1=1
Xy,...,X, are nonnegative integers, is b*(r —c)+ (b+1)2¢ with X;=b or b+1 for all
i. Note that [{X;|X;=b+1}|=c and |{X;|X;=b}|=r—c.

Proof. It suffices to show that the minimum occurs when X; = b or b+ 1 for all

.

i. Suppose X; < b for some j. Since )  X; =a =br+c with 0 <c<7-1, there
1=1

exists some Xk>b+1 Define X| = X;, for 17, k, X =X;+1 and Xk_Xk—l

T
Then 3 X! = z X2+2(X;-Xp+1)< z X? which shows that E X2 is not the
i=1 i=1 i=1
minimum. !
On the other hand, if X;>b+1 for some j, then we can find some X <b. With
X!'=X,;, for i#j, k, XJ/=X;~1and X} =X} +1, we can also get the inequality

T ”2 T 2
XD <X X; 1
i=1 i=1

Proof of Theorem 3.2. Let ¢0:G— Gg be the natural projection. By (3.1), we have
—32 — —
(3:2) D" = p**2Go — p** N + p** Xonp.

For any character x of Gg, x(¢D) = +p°/Agnp, 0 or p**Agng and hence x(oD) =
0 (mod p®). By Lemma 3.3,we have oD =p*z for some z € Z|Gy]. By (3.2), we get

(3.3) 22 = pzs/\()-éo — MNo + Agng.
Let z= 3 agg. It is obvious that
9€Go
> ag=p"Xono
9€Go
Z a,g = st/\O — Ao + Agno.
9€Go

Let p® =ang+ 3 where 1< 3<ng—1. By Lemma 3.4, the minimum value of }_ X 3
with >~ Xy =p*Agng is equal to az(/\on% - BXng) + (a+ l)zﬂx\ono with Xg =0 or
a+1 for all g€ Gy. Hence
(34) a2()\0n% = BXong) + (a+ 1)2[3A0no < (ang + ﬂ)2)\0 — Ao + Aono
which implies 82— fBng+ng—1>0. The only possible solutions are 3=1 or B=ng—1.
But both cases give us an equality of (3.4). Thus we conclude that ag=a or a+1
for all g€ Gy. Let us write z=aDg+(a+1)Dy where {Do, D1} is a partition of Gy.
Note that |Dp|= )\0"0 Biong, |D1]=0BXono and Do+ D1 =Gy.

If 3=1, by substituting 2=0aGy+ D7 to (3.3), we obtain

(a2|G0| + 2a|D1|)§0 + ﬁ% = p2s/\060 - /\07\7’_0 + Agng-
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With a=(p?* —1)/ny, |G0|=)\0n(2) and |D1|=M\gng, we have

= MGy — MNg + Agng.
Hence D is a reversible ()\Ono,no,/\ono,)\o)—_RDS;
If B=mnp—1, by substituting z=(a+1)Gy— Dq to (3.3), we obtain
- =2 — _—
[(@+ 1)%|Go| ~ 2(a + 1)|Dol|Go + Dy = p** XGo — AoNo + Agno.
With a41=(p?*+1)/ng, |Gy =A0n(2J and |Dg|=MXgng, we have

5(2) = XGo — MoNg + Agng.
Hence Dy is a reversible (Agng,ng, Agng, Ag -RDS. ]

Corollary 3.5. If a nontrivial reversible (An,n, An, A)-RDS exists in an abelian group,
then n is a power of 2.

Proof. Suppose n is not a power of 2. By applying Theorem 3.2 with p=2, we obtain
a nontrivial reversible (Agng,ng, Agng, Ag)-RDS where both Mg and ng are odd. But
this contradicts Proposition 1.1(i). 1

The next theorem gives us another constraint on the parameters.
Theorem 3.6. If a (An,n, An, \)-RDS exists in an abelian group, then n|\.
Proof. By Theorem 3.1, N is a direct factor of G. Thus, there exists a natural
projection ¢:G— N. Let n=2". By (3.1),
oD% = (2")2 — )N + 27\
For x € N*, we have x(¢D) = +v2"X if x is nonprincipal and x(pD)=2"X if x is
principal. By Lemma 3.3,

the coefficient of the identity in oD = | Nl Z x(eD)

XEN*
1
=52+ Vra N )
XEN*
xN=0

where &, = x(eD) )/V2"A==+1. Since there are 2" — 1 nonprincipal characters, doex
must be odd. Hence, 27 |v/27A and 27| \. |

If A is a power of 2, then we have a necessary and sufficient condition on the
parameters.

Corollary 3.7. There exists nontrivial reversible (223,27,223 ,223"’)-RDS in some
abelian 2-group if and only if s>r.

Proof. The sufficient part follows by Example 2.2 and the necessary part is a
particular case of Theorem 3.6. ]

Finally, we characterize the structure of a nontrivial reversible relative difference
set if n=2. By Theorem 3.1, we can write G=H x N where H is a subgroup of G.
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Theorem 3.8. Let D be a nontrivial reversible relative difference set in G=H x N
relative to N. If [N|=2, say N={1,g}, then D= AUg(H\ A) where A is a reversible
(4u?,2u? £ u, u? + u)-difference set in H for some integer u.

Proof. Put D=AUgB where A, BC H. By (3.1), we have
(A+gB)2 = \H+gH) — M1+ g) +2X

which implies A2 4 BY=)\H+) and 2AB=)H - \. For any nonprincipal character
x of H,

Xzz + X_B—2 = A
2xAxB = =\

Hence yA = —xB = :1:122—_)‘ =+ I—QI—‘ By Lemma, 3.3, we have B = uH — A and

ATV 7= p'H+ EZ—[ for some integers p and y'. Since the coefficients of B are
0 and 1, it is obvious that y=1 and hence B=H \ A. Also, by [12], we learn that A

must be a reversible (4u2,2u2 +u,u? +u)-difference set in H. ]

By Proposition 1.1(iv) and a nonexistence theorem of reversible (4u?,2u? +

u,uziu)—difference set by McFarland {11, Theorem 3.4], we have the following
corollary.

Corollary 3.9. If there exists a nontrivial reversible (An,n,An, X)-RDS in an abelian

group, then An = 4u? where the square free part of u is equal to 2°3! for some
nonnegative integers s and t.

4. Open Problems

Summarizing the results in Section 3, every nontrivial reversible relative differ-
ence set in an abelian group has the parameters

(m,n,k,\) = (225u(2), 2", 22su(2), 223_’u%)

where r, s are positive integers and ug is an odd integer such that
() r<s;
(i) if p is a prime divisor of ug and p'|lug, then p*==1 (mod 2"); and
(iii) the square free part of ug is equal to 3¥ for some nonnegative integer w.

Together with the examples in Section 2, we have a list of parameters (m,n,k, )
for the existence of nontrivial reversible relative difference sets with 4 <k <2500:
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m n k A uQ
4 2 4 2 1 Exampies 2.1 and 2.2
16 2 16 8 1 Examples 2.1 and 2.2
16 4 16 4 1 Example 2.2
36 2 36 18 3 Example 2.1
64 2 64 32 1 Examples 2.1 and 2.2
64 4 64 16 1 Examples 2.1 and 2.2
64 8 64 8 1 Example 2.2
144 2 144 72 3 Example 2.1
144 4 144 36 3 unknown
256 2 256 128 1 Examples 2.1 and 2.2
256 4 256 64 1 Example 2.2
256 8 256 32 1 Example 2.2
256 16 256 16 1 Example 2.2
324 2 324 162 9 Example 2.1
576 2 576 288 3 Example 2.1
576 4 576 144 3 unknown
1024 2 1024 512 1 Examples 2.1 and 2.2
1024 4 1024 256 1 Example 2.2
1024 8 1024 128 1 Example 2.2
1024 16 1024 64 1 Example 2.2
1024 32 1024 32 1 Example 2.2
1296 2 1296 648 9 Example 2.1
1296 4 1296 324 9 unknown
2304 2 2304 1152 3 Example 2.1
2304 4 2304 576 3 unknown
2500 2 2500 1250 25 unknown

In order to answer the ::ndecided cases in the list, we pose the following questions.

Question 4.1. If ug#1, i.e. the group is not a 2-group, then is it possible to have
n>27

Question 4.2. Is it p0531b1e to have a grlme divisor p of ug with p> 37 In particular,
is there any reversible (4u?,2u? £ u,u® + u)-difference set when w#253%7

Finally, if one looks mto the group structure, then he will find that, in all the
known examples, IV is an elementary 2-group. Thus, we want to ask the following.

Question 4.3. Must N be an elementary 2-group? In particular, is it possible to have
N being a cyclic group of order 4?7
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